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A Method for the Evaluation of a Ratchet Limit and the Amplitude  
of Plastic Strain for Bodies Subjected to Cyclic Loading 
 
H. Chen and Alan R.S. Ponter  
Department of Engineering, University of Leicester, Leicester, LE1 7RH, UK 
 
Abstract: By extending the elastic shakedown analys is, the plastic shakedown theory and basic 
relations to locate the ratchet limit of the structures subjected to va riable load and temperature has 
been represented in paper [1]. He re numerical solutions of ratchet limit as well as shakedown and 
limit load for BREE problem and the 3-D holed plat e are calculated. The maximums of the varying 
plastic strain magnitudes obtained by proposed method are compared with the Neuber approximate 
values. The positions of the ratchet boundary are confirmed by the analytical solutions or other 
numerical results via ABAQUS step-by-step analyses. 
 
1. Introduction 
 
 
 
 
 
2. Numerical procedures 
The ratchet limit calculation technique has been implemented into ABAQUS. The whole 
numerical procedure includes two stages. The first stage is to calculate the varying residual stress 
field associated with the applied varying load (mechanical or thermal load). The second stage is to 
locate the ratchet limit as a conventional shakedown limit where the elastic stress history is 
augmented by the changes in residual stress calculated in the first stage. 
We consider the problem of a body subjected to external loads 
( ) ( ) ( )txxPtxP iii ,, θλ +=  (1) 
where λ  is a load parameter, ( )ixP  a constant load distribution and ( )txi ,θ  a cyclic history of 
thermal or mechanical load with cycle time tΔ . The linear elastic stress field is denoted by ijσˆ  as 
( )txiijPijij ,ˆˆˆ θσσλσ +=  (2) 
2.1 The numerical procedure for the varying residual stress field )( n
rc
ij tρ  
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In order to simply the description, only two distinct extremes to the elastic solution, t1 and t2 are 
adopted.  We let ij
rc
ij t ρρ Δ=)( 1 , ijrcij t ρρ Δ−=)( 2 , and the following step is to calculate ijρΔ . 
 
Initial step: 
The elastic stress fields )(ˆ 1tij
θσ and )(ˆ 2tijθσ  of the structure subjected to two distinct extremes of the 
varying loads are calculated respectively. And further the varying elastic stress field is obtained by 
)(ˆ)(ˆˆ 21 tt ijijij
θθ σσσ −=Δ  (3) 
 
Iterative procedure: 
The Von Mises yield conditi on is adopted as follows 
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⎛ Δ+Δ ˆ
2
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 (4) 
On the basis of theory in Part 1, we have 
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 (7) 
where μ  is the shear modulus, K is the modulus of compression. 
We define effμ  and effK  as 
μμμ
111 +=eff                 (8a) 
KK eff
11 =  (8b) 
Further we have 
ij
eff
ij
eff
ij σμ
μεμρ ′Δ−′Δ=′Δ ˆ
2
1
2  (9a) 
kk
eff
ii K ερ Δ=Δ 3  (9b) 
The solution of equation (9) has been implemented to ABAQUS via user subroutine UMAT and 
URDFIL. The problem of (9) is equivalent to  solving the following equation using ABAQUS:  
inJ σερ Δ−Δ=Δ ][  (10) 
where the Jacob matrix 
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Iteration control: 
In the first iteration, we let 11 μμ = . In the iteration i +1, the varying shear modulus 1+iμ  is 
calculated by 
⎟⎠
⎞⎜⎝
⎛ Δ+Δ
=+
i
ijij
yii
ρσσ
σμμ
ˆ
2
1
1  (15) 
where the varying residual stress field iijρΔ  are obtained by the ith iteration. 
 
Convergence condition: 
If 040.11
1
−≤− +
+
E
CONV
CONVCONV
i
ii
, the iteration will be terminated and output residual stress ijρΔ  
where dVCONV
V i
ijij
yi ∫
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ρσσ
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2.3 The numerical procedure for the ratchet limit 
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Once the variable residual stress field ijρΔ  has been calculated, the numerical technique for this 
stage can be accommodated with the existing Elastic Compensation Method for conventional 
shakedown analysis: 
∫ ∫∫ ∫ ΔΔ = t
V
c
ij
c
ij
t
V
c
ijij dtdVdtdV
00
ˆ εσεσ   (17) 
( ) ( )txtx ircijiijPijij ,,ˆˆˆ ρσσλσ θ ++=  (18) 
If only two distinct extremes to the elastic solution, t1 and t2 are considered, we have. 
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where ij
rc
ij t ρρ Δ=)( 1 , ijrcij t ρρ Δ−=)( 2  (20) 
Considering the Von Mises yield condition a nd the associated flow rule, we have 
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where ( ) lijlijlij εεεε ΔΔ=Δ 32  (22) 
Thus the ratchet limit multiplier can be computed by  
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3. Numerical examples for ratchet analyses 
 
3.1. The BREE problem 
 
The classic Bree problem is shown in Figure 1, wh ere a plate is subjected to an axial stress as 
well as a fluctuating temperature difference θΔ  across the plate.  
 
 
 
 
 
 
 
Pσ  
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Fig.1 The load history for Bree problem 
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Fig. 2 The calculated ratc het limit for Bree problem 
 
Fig.2 shows the elastic boundary, shakedown regi on, reverse plasticity and ratchet boundary for 
Bree problem. Where tσ  occurred near the edge of the plate is the maximum of thermal elastic 
stresses due to the fluctuating temperature difference θΔ . It can be seen that the numerical ratchet 
limits calculated by the present method are in good agreement with the theoretical solutions. Fig. 3 
shows the typical convergence condition of iterative processes of ratchet limit analyses for Bree 
problem. With the increase of iterative number, the obtained upper bound ratchet limit solutions 
decrease gradually and converge to a certain value finally. The applicability of the procedure of 
locating the ratchet limit is verified by this typical example. 
1θ
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Fig.3 The convergence conditions in the numerical procedures 
 
3.2. The holed plate with biaxial loading 
 
Using the developed 3-D shakedown and ratchet method, some calculations are performed for a 
3-D holed plate subjected to biaxial loading.  The geometry of the structure and its finite element 
mesh are shown in Fig.4. The 20-node solid isopa rametric element with reduced integration is 
adopted. The ratio between the diameter D of the hole and the length L of the plate is 0.2. The ratio 
between the depth of the plate and the length L of the plate is 0.05. The yield stress of the material 
is 360 MPa. The elastic modulus is 208000 MPa.  
 
                                                                  
 
 
 
Fig 4 The geometry of the holed plate subjected to biaxial loading and its finite element mesh 
 
The shakedown and ratchet limit of the holed plate are calculated for two different load 
histories of biaxial loading shown in Figure 5, where one axial load  is constant and the other is 
D
L 
2P  
1P
y 
x 
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variable.  For loading path a, the variable axial load P 2 is varying from minus to plus. For loading 
path b, the variable axial load P 2 is varying from nil to a certain value.  
 
 
 
 
 
 
(a) loading path a                     (b) loading path b 
Fig. 5 The cyclic loading paths for shakedown and ratchet analyses 
 
Fig.6 gives the shakedown and ratchet limit fo r the holed plate under loading path a. The 
shakedown and ratchet boundary, as well as limit loads for the holed plate subjected to loading path 
b are shown in Fig.7. Combining the calculated shakedown, ratchet and limit solutions, we can see 
that the shakedown load is identical to the least of either the limit load or the reverse plasticity limit. 
The reverse plasticity operates at the point of stress concentration in the linear solution on either the 
major or minor axis of the holed surface. Most of  the ratchet limit boundary is normally identical to 
the limit interaction curve for mechanical loading condition. Although the mesh used in the model 
is crude, all the results are reasonable and satisfy the needs of engineering. It’s no doubt that the 
convergence condition and the accuracy of the solution can be improved by increasing the number 
of elements. 
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Fig. 6 The shakedown and ratchet limits for the holed plate with biaxial loading (path a) 
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Fig. 7 The shakedown, ratchet and limit loads fo r the holed plate with biaxial loading (path b) 
 
3.3 The holed plate with mechanical and thermal load  
A holed plate with same geometry in Figure 4 is subjected to a temperature difference θΔ  
between the edge of the hole and the edge of the plate and uniaxial tension P acts along one side. 
The temperature distribution was assumed to be by 
)5ln()5ln(0 raθθθ Δ+=  (24) 
which gives a simple approximation to the temperature field corresponding to θθθ Δ+= 0  around 
the edge of the hole and 0θθ =  at edge of the plate.  
 
 
 
 
 
 
 
 
 
 
Fig. 8 The elastic-linear strain-hardening model 
 
The elastic stress field 0tσ  of the holed plate with the thermal load was calculated by ABAQUS, 
where 00 =θ , 100=Δθ ℃ and the thermal expansion is 5E-5 ℃-1. The yield stress Yσ  adopted is 
360 MPa, and the elastic modulus E is 208000MPa . The elastic-linear strain-hardening model 
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shown in Fig. 8, as well as the elastic-perfectly plastic model, is adopted for ratchet analyses in the 
present paper.  
Using the developed shakedown and ratchet techniques, the calculated shakedown and ratchet 
limit, as well as elastic boundary for the holed pate subjected to mechanical and thermal loads, are 
shown in Figure 9. Comparing with the elastic-pe rfectly plastic model, the elastic-linear strain-
hardening model can slightly increase the ratchet limit. But if the magnitude of the varying thermal 
load is not very big, the different material models nearly have no influence on the ratchet limit.  
 
 
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.0 
0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.0 
 Shakedown limit  
Elastic limit 
 Ratchet limit (E 1=0) 
Ratchet limit (E 1=E/3 )
Ratchet limit (E 1=E/7 )
0t
t
σ
σ
      
Y
P
σ
σ
 
Case 1
Case 2
P R
S
E 
Case 3
Case 4
 
 
Fig. 9 The elastic, shakedown, reverse plasticity and ratchet region for the holed plate with 
mechanical and thermal loading 
 
Fig.10 shows the maximum of the varying plastic strain magnitudes PmaxεΔ of the holed plate in the 
reverse plasticity region via different material models. The varying plastic strain magnitudes are 
induced by the varying thermal load rather than constant mechanical load. Unlike the slight 
contribution of the hardening to the ratchet limit, the maximum of the varying plastic strain 
magnitudes has a big reduction by adopting the elastic-linear strain-hardening model. Now that the 
maximum of the varying plastic strain magnitudes of the structure is important to performing the 
fatigue limit assessment, it is useful to adopt the hardening model to calculate this key parameter of 
the fatigue limit. In order to verify the obtained results by our proposed ratchet analysis method, the 
maximums of the varying plastic strain magnitudes for the elastic-perfectly plastic model calculated 
by ABAQUS step-by-step analysis are also shown in Fig.10. It can be seen that the numerical 
results by our method and by ABAQUS step- by-step analysis are coincident.  
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Fig.10 The maximum of the varying plastic strain  magnitudes in the reverse plasticity region, 
PPP
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2 εεε ΔΔ=Δ  
 
In engineering practice, the Neuber approximate values for the maximum of the varying plastic 
strain magnitude are widely adopted.  In order to demonstrate the applicability of the Neuber 
approximate values, the comparisons of the maximu ms of the varying plastic strain magnitudes in 
the reverse plasticity region by our method and Neuber approximate va lues are presented in Fig.11. 
When adopting the hardening material model, the Neuber approximate values are in good 
agreement with the the maximums  of the varying plastic strain magnitudes by our method. When 
adopting the elastic-perfectly plastic model, the Neuber approximate values have a big difference 
with our results. The reason is that the Neuber approximate method is suitable for the structure 
subjected to the varying mechani cal load rather than the varying thermal load when adopting the 
elastic-perfectly plastic model. It can also be seen that the Neuber approximate values are 
conservative, which is important for engineering applications. 
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Fig.11 The comparison of the maximums of the vary ing plastic strain magnitudes in the reverse 
plasticity region by our method and Neuber approximate values  
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3.4 ABAQUS step by step analyses to confirm positions of ratchet boundary 
 
In order to show the ratchet, local reverse plasticity, and shakedown mechanism of the holed plate 
with the varying thermal load and constant mechanical tension, the step-by-step analyses for four 
load cases have been performed by AB AQUS, which are shown in Table 1.  
 
Table 1. The definition of load domain for the holed plate 
 
Case The constant tension P The cyclic thermal load θΔ  
Case 1 0.5 yσ  in all step Lttt σσσ 5.105.105.1 →→→→  
Case 2 0.5 yσ  in all step Lttt σσσ 4.104.104.1 →→→→  
Case 3 0.7 yσ  in all step Lttt σσσ 6.006.006.0 →→→→  
Case 4 0.7 yσ  in all step Lttt σσσ 5.005.005.0 →→→→  
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In case 1, the maximum of the cyclic thermal load is  just out the ratchet limit domain (Fig. 9). The 
global ratchet mechanism should happen in the whole structure, which is verified by Figure 12.The 
plastic strain magnitude field in Figure 12(a) was obtained by ABA QUS step-by-step analysis. The 
strain field in Figure 12(b) was calculated by our proposed ratchet method. Comparing these two 
figures, the shape of the strain field occurred in the structure are similar. 
 
                
 
(a) plastic strain magnitude by step-by step analysis  (b)strain field by our ratchet analysis 
Fig 12. The ratchet mechanism for case 1 
 
Figure 13 shows the plastic strain magnitude alon g X and Y-axis for case 1, which were obtained by 
ABAQUS step by step analyses. Although some local  reverse plasticity happens near the hole along 
X-axis (no further plastic strain s along X-axis happens by increas ing the load cycle), the dominant 
plastic strain happens along Y-axis, which will accumulate by increasing the load cycle. This global 
ratchet mechanism induces the failure of the structure. 
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Fig 13. The plastic strain magn itude along X and Y-axis with di fferent load step for case 1 
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In case 2, the maximum of the cycl ic thermal load is just in the ratchet limit domain (Fig.9). The 
local reverse plasticity mechanism should happen in the structure, which is verified by ABAQUS 
full analysis result shown in Figure 14. 
 
 
 
Fig 14. The local reverse plasticity mechanism for case 2 
 
Figure 15 shows the plastic stra in magnitude along X and Y-axis for case 2, which were 
obtained by ABAQUS step by step analyses. It can be seen that the local reverse plasticity happens 
near the hole along X and Y-axis. No further plastic  strain happens in the structure by increasing the 
load cycle. This local reverse plasticity mechanism will not induce the failure of the structure, if the 
maximum of the plastic strain magnit ude does not exceed the fatigue limit. 
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Fig 15. The plastic strain magn itude along X and Y-axis with di fferent load step for case 2 
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In case 3, the maximum of the cyclic thermal lo ad is just out the ratchet limit domain, i.e. 
shakedown limit domain (Fig. 9). The global ra tchet mechanism should happen in the whole 
structure, which is verified by Fi gure 16. The plastic strain magnitude field in Figure 16(a) was 
obtained by ABAQUS step by step an alysis. The strain field in Fi gure 16(b) was calculated by our 
proposed ratchet method. Comparing these two figures, the shape of the strain field occurred in the 
structure are similar. 
 
 
                        
 
(a) plastic strain magnitude by step-by step analysis  (b)strain field by our ratchet analysis 
Fig 16. The ratchet mechanism for case 3 
 
Figure 17 shows the plastic strain magnitude along X and Y-axis fo r case 3, which were obtained by 
ABAQUS step by step analyses. Although the shake down happens along X-axis (no plastic strain 
along X-axis happens by increasing the load cycl e), the dominant plastic strain happens along Y-
axis. It can be seen obviously that the plastic strain along Y-axis will accumulate by increasing the 
load cycle. This global ratchet mechanism induces the failure of the structure. 
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Fig 17. The plastic strain magn itude along X and Y-axis with di fferent load step for case 3 
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In case 4, the maximum of the cyclic thermal load is just in the ratchet lim it, i.e. shakedown limit 
domain (Fig. 9). The plastic strain magnitude fiel d obtained by ABAQUS step  by step analyses is 
shown in Figure 18. The expected shakedow n mechanism happens in the structure.  
 
 
 
Fig 18. The shakedown mechanism for case 4 
 
Figure 19 shows the plastic strain magnitude along X and Y-axis fo r case 4, which were obtained by 
ABAQUS step by step analyses. It  can be seen obviously that the shakedown happens along both X 
and Y-axis. No plastic strain wi ll happen in the structure by increasing the load cycle. This 
shakedown mechanism will not induce the failure of the structure. 
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Fig 28. The plastic strain magn itude along X and Y-axis with di fferent load step for case 4 
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Conclusions 
The numerical solutions demonstrate that the proposed method is capable of reproducing, with 
satisfactory accuracy, ratchet limits and varying plastic strain magnitudes for 3-D structures 
subjected to varying and constant loads.  By comp aring the maximums of the varying plastic strain 
magnitudes obtained by the proposed method with the Neuber approximate values, the applicability 
of the Neuber approximate met hod was further understood. The positions of the calculated ratchet 
and shakedown boundaries are confirmed by the analytical solutions or other numerical results via 
ABAQUS step-by-step analyses. The ratchet, re verse plasticity and shakedown mechanisms are 
also discussed in the present paper. 
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